
Chapter - 4 

Elementary Number Theory 

4.1. Introduction 

Number Theory, the branch of mathematics concerned with properties of positive integers (1, 2, 3,…). 

Sometimes called “higher arithmetic”, it is among the oldest and most natural of mathematical 

pursuits. Number theory has always fascinated amateurs as well as professional mathematicians. 

The main goal of Number Theory is to discover interesting and unexpected relationship between 

different sorts of numbers and to prove that these relationships are true. Pierre de Fermat is usually 

given credit for being the father of Number Theory. German mathematician Carl Friedrich Gauss 

(1777-1855) said “Mathematics is the queen of sciences and Number Theory is the queen of 

Mathematics”. The older term for Number Theory is arithmetic but the early twentieth century, it had 

been superseded by Number Theory. 

In this article we shall look out some elementary results in Number Theory, partly because they are 

interesting in themselves, partly because they are useful in other context, and partly because they will 

give you a flavor of what Number Theory is about. There are numerous books available that continue 

to develop the theory, and large numbers of Olympiad problems you might like to tackle with your 

new knowledge! You will require a little knowledge in advance, but not much. We will see 

divisionalgorithm, Euclidean algorithm, greatest common divisor, least common multiple, congruence 

notation, the Diophantine equations, the Fundamental theorem of arithmetic Chinese remainder 

theorem etc. 

To study the numbers we give some notations, axioms, principle, definitions, formulae, tools etc. as 

under. 

Notations: 

  Set of natural numbers  {      }   set of positive integers 

   Set of integers  {         } 

   Set of rationals  ,
 

 
|          - 

  =Set of irrationals  {   |                 } 

  Set of reals     set of irrationals 

  Set of complex numbers  {      |     } 

We have            

The well ordering Principle: Every nonempty set S of nonnegative integers contains a least element; 

that is, there is some integer   in S such that     for all     belonging to S. 

Archimedean property: If   and   are any positive integers, then there exists a positive integer 

  such that       
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First Principle of Finite Induction: Let S be a set of positive integers with the following properties: 

(i) The integer 1 belongs to S. 

(ii) Whenever the integer   is in S, the next integer     must also be in S. 

Then S is a set of all positive integers. 

To use this principle for proving a result, the statement of result is written in terms of natural number. 

It is rewritten as  

For each      let      be a statement about n. Suppose that  

(a)      is true and          is true         is true. 

Then      is true       

In some situations, the first principle cannot work adequately.  

In that case its second version is applied which is  

Second principle of Finite Induction: 

If S be a set of N such that  

(i)    and (ii)                  then      

Law of trichotomy of natural numbers: For any        one and only one is true:- 

                            

The binomial theorem: 

       (
 
 
)   (

 
 
)      (

 
 
)          (

 
   

)      (
 
 
)    

or more compactly,        ∑ (
 
 
)       

     

where, (
 
 
)  

                   

  
  

When n is an integer, we have (
 
 
)  {

  

        
          

                      
 

Note: (i) (
 
 
)  (

 
 
)    

(ii) (
 
 
)  (

 
   

)  (
   

 
)        

Greatest integer:Let      The greatest integer in, written as      is the largest integer less than or 

equal to   .   

Example:                          

Example: Show that if x is a real number, then            

Solution:By definition itself,      and                    

Divisibility 

Definition: An integer   is divisible by an integer   , not zero , if there is an integer   such that 

      In this case we write   |    In case   is not divisible by   , we write      
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On the other hand, for the divisibility property    |   is that   divides  , that   is a divisor of   ,or   is 

a factor of   or    is a multiple of  . If   |   and       then   is called a proper divisor of   . 

Thus for example  10 is divisible by 2, because            However, 10 is not divisible by 3; for 

there is no integer   such that the statement       is true. 

Note: There is a restriction on the divisor    : whenever the notation   |   is employed, it is 

understood that   is different from zero. On the other hand we can write   |   for every integer   not 

zero. In some book the notation      is sometimes used to indicate that   |   but         

If   is a divisor of    , then   is also divisible by –   (indeed,      implies that              so 

that the divisors of an integer always occur in pairs. To find all the divisor of a given integer, it is 

sufficient to obtain the positive divisor and then adjoin to them the corresponding negative integers.  

For this reason, we shall usually limit ourselves to a consideration of positive divisors.    

Theorem.  

(a)   |   implies   |    for any integer c . 

Proof: Let   |    Then by definition, there is integer     such that        

                                             

   |   for any integer c. 

(b)   |   and   |   imply   |    

Proof: Let   |   and   |    Then by definition, there are integers    and   such that  

               

                                

   |    

(c) If   |   and   |   , then    |   . 

Proof: Let   |   and   |    Then by definition, there are integers    and   such that  

               

                                  

    |   . 

(d)   |   and   |   imply     . 

Proof: Let |   . Then by definition, there is integer     such that       

Similarly   |              

        But      are integers,  hence          

     . 

(e)  If   |   and   |  , then   |         for arbitrary integers   and  . 

Proof:  Let   |   and   |    Then by definition, there are integers    and   such that  

               

                        

   |        for arbitrary integers   and  . 

Note: The above property can be extended to a sum of more than two terms. 

i.e. , If   |   for          , then   |                   , for all integers             
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(f) If   |   and    , then | |  | |  

Proof: If    |    then there exist an integer k such that        Also,     implies that      

Taking absolute values , we get  

| |  | || |  | |  | |  | |   

(g) If       |   implies and is implied by    |   . 

Proof: Let    and   |        and then                   

    |   . 

Conversely, let    |          Then      

Now,                 

   |    

If   and   are arbitrary integers, then an integer   is said to be a common divisor of   and   if both 

  |   and   |  . Because 1 is a divisor of every integer, 1 is a common divisor of   and  ; hence, their 

set of positive common divisor is nonempty.  

Now, every integer divides zero, so that if      , then every integer serves as a common divisor 

of   and  . In this instance, the set of positive common divisors of   and   is infinite. However , 

when at least one of   or   is different from zero, there are only a finite number of positive common 

divisors. Among these, there is a largest one, called the greatest common divisor of   and  .  

We will see this in detail in the next topic. 

 

4.2.The Division Algorithm  

Theorem : Given integers a and b , with      there exist unique integers q and r satisfying  

                   

The integers   and   are called, respectively, the quotient and remainder in the division of   by  . 

Proof : Let a and b be integers such that      

Define the integers q and r by   *
 

 
+       *

 

 
+                

 

 
               

                   

To prove the condition , we use                  

Replace      
 

 
 in this inequality and write  

 

 
   *

 

 
+  

 

 
                    *

 

 
+      

                           

                

          

                  , which prove the other part. 
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Now we prove uniqueness of    and   

Suppose that a has two representations of  the desired form, say , 

                  ..… (ii) 

where                

Then               

 |    |   |    | 

   divides  |    |    ….. (iii) 

We show that      by contradiction.  

If possible, let       Then   |    |    i.e. |    | is not divisible by  .  

This contradicts (iii). Hence       

Then (ii) gives               i.e.         

                  

Hence the quotient and remainder are unique. 

Corollary. If   and   are integers , with      then there exist integers   and   such that  

            | | 

Proof: Since    , either     or      It is enough to consider the case in which      

Then | |     and by the theorem on Division Algorithm,  

there exist unique integers    and   for which  

    | |    ,     | | 

Note that | |     

            ,     | | 

          

Taking        we get              | |. 

SOLVED EXAMPLES 

Example 1. Use the division algorithm to establish the following: 

(a) The square of any integer is either of the form    or       

(b) The cube of any integer has one of the forms                  

(c) The fourth power of any integer is either of the form             

Solution: (a) By considering the divisor 3, by division algorithm any integer   can be expressed as  

                 , where   is integer. 

                          where       is integer. 

or                                          

where          is integer. 

or                                              

where            is integer. 
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(b) Taking                   , where   is integer. 

We have                           where       is integer. 

or                                                   

where             is integer. 

or                                                      

where               is integer. 

(c ) By considering the divisor 5, by division algorithm any integer   can be expressed as  

                               , where   is integer. 

                              where         is integer. 

or                                         

                                                                           

where                        is integer. 

or                                        

                                                                          

where                            is integer. 

or                                             

                                                                                 

where                              is integer. 

or                                           

                                                                        

where                              is integer. 

Example 2. Prove that       is never a perfect square. 

Solution : We shall prove this by the method of contradiction.  

Assume that       is a perfect square for some integer a.  

Then                        , where m is a non-negative integer. 

      
 

 
           

 

 
i.e. m cannot be a non-negative integer for any a . 

This is a contradiction. Hence       is never a perfect square. 

Example 3. For    , prove that the expression 
       

 
 is an integer. 

Solution: By division algorithm , every   is  of the form 3q               

Let       
       

 
 

         

 
         , which is clearly an integer. 

Similarly, if         
       

 
 

                

 
                    

Finally, if         
       

 
 

                 

 
                 ,  

which is again an integer. 

Hence our result is arrived in all cases. 
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Example 4. For    , prove that                is an integer. 

Solution: By division algorithm, every n has one of the forms                

(i) Let         then 
            

 
 

               

 
                  

(ii) Let           then 
            

 
 

                   

 
                      

(iii) Let          then 
            

 
 

                   

 
                       

(iv) Let          then 
            

 
 

                   

 
                       

(ii) Let           then 
            

 
 

                   

 
                      

(ii) Let          then 
            

 
 

                    

 
                       

Hence follows that the given expression is an  integer. 

Example 5. Prove that no integer in the following sequence is a perfect square: 

                     

Solution: We know that any perfect square has the form     or       

We show that every integer of the sequence is of the form      , which is different from    or 

      

Let           be any integer of the given sequence.  

We rewrite n as             

But the integer         is divisible by 4, hence            for some integer k. 

Hence,       . This is different from the perfect square form and hence the result. 

Even and odd integers 

By division Algorithm , we have               If      The remainders are 0 or 1. 

When          . In this case   is called an even integer or even number. 

When            . In this case   is called an odd integer or odd number. 

Thus any even number is expressed as         and any odd number as            

Example. Prove that the sum of the squares of two odd integers cannot be a perfect square. 

Solution: Let   and   be odd integers. 

                       

We prove the result by contradiction. Assume that       is a perfect square. 

i.e.         , for some    …………(i) 

Now                        {              } 

                                

  even integer. 

Then     gives    is even i.e.   must be even. 

      , for some      
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Then     and                    

          

                          

This is absurd and hence the contradiction to our initial assumption. 

       is not a perfect square. 

Theorem. The product of any m consecutive integers is divisible by      

Proof:  Consider the product of m consecutive integers : 

                             ………….(i) 

There arise three cases depending upon the value of  n. 

Case (i) : Let      In this case we write   (i) as  

  
                                        

                 
 

  

      
   (

 
 

)     (
 
 
)  

  

        
  

                     (
 
 

)      

   |   

Case (ii): Let        In this case one of the factors of P is zero i.e.      

Since zero is divisible by any nonzero integer, we have    |   

Case (iii) : Let n be a negative integer . Put         is a positive integer. 

Then                             

                           

                                       

             
              

      
      (

     
 

)       

   |   

Example. Show that if a is an integer , then  3 divides       

Solution:                                       

    = Product of three consecutive integers 

   |         |      . 

Exercise  

1. Prove that if a and b are integers, with      then there exist unique integers q and r satisfying 

        where          

2. Show that any integer of the form      is also of the form      , but not conversely. 

3. Show that the cube of any integer is of the form    or       

4. Obtain the following version of the Division Algorithm: For integers a and b, with      there 

exist unique integers q and r that satisfies         where  
 

 
| |    

 

 
| |  

[Hint : First write           where      | |  When      
 

 
| |  let      and       

when 
 

 
| |     | |  let      | | and        if     or        if       
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5. Verify that if an integer is simultaneously a square and a cube ( as is the case with            

then it must be either of the form    or       

6. For       establish that the integer          is of the form 6k.  

7. If n is an odd integer, show that           is of the form 16k. 

4.3. Greatest Common Divisor 

Definition:  Let a and b be given integers, with at least one of them different from zero. The greatest 

common divisor of a and b, denoted by           , is the positive integer d satisfying the following: 

(a)  |   and   | , 

    If  |   and  |  , then      

Example. The positive divisor of     are 1, 2, 3, 4, 6, 12, whereas those of 30 are 1, 2, 3, 5, 6, 10, 

15, 30. Hence, the positive common divisor of      and 30 are 1, 2, 3, 6.  

Because 6 is the largest of these integers, it follows that                 

In the next theorem we prove that            can be represented as a linear combination of a and b. 

 (By a linear combination of aand b, we mean an expression of the form       where 

                     . This is illustrated by an example                            . 

Theorem. Let a and b be integers, not both zero. Then there exist integers x and y such that  

                ……..(i) 

Proof: Let S be the set of all positive linear combinations of a and b,  

i.e.    {     |             }. We first show that S is nonempty.  

By hypothesis, a and b are not both zero. Let      Then             

For    , choose     and write                  . 

For    , choose      and write                     . 

Hence one of these two linear combinations         and            must be positive and 

hence belongs to S. Thus      

Then by the well ordering principle, S contains the least integer, say d.  

By the very definition of S, its element d must be a linear combination of a and b. 

Hence there exist integers x and y such that                  

We show that             For this first show that  |   and   |   

By the division algorithm, we have  

                        

              

                          

          or      

       linear combination of a and b. 
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Now (iii) gives        implying that d is not the least element of S.  

This is a contradiction to the fact that d is the least element of S. Hence           

Then            i.e. |  . 

In a similar way we can show that  |    

  d is a common divisor of a and b…………(v) 

Let c be any other common divisor of a and b i.e.  | and   | . 

  |       |    

By  using (v), above shows that                                  

Corollary.  If a and b are given integers, not both zero, then the set  

  {     |                }is precisely the set of all multiples of             

Proof: Because  |   and   | , we know that  |        for all integers x, y.  

Thus, every member of T is a multiple of d. 

Conversely, d may be written as           for some integers         , so that any multiple    

of   is of the form                             

Hence,    is a linear combination of a and b, and, by definition, lies in T. 

Definition. Two integers   and   , not both of which are zero, are said to be relatively prime 

whenever             

Theorem. Let a and b be integers, not both zero. Then a and b are relatively prime if and only if there 

exist integers x and y such that          

Proof: If a and b are relatively prime so             

Hence by theorem, there are integers x and y such that                

          

Conversely, assume          for some integers x and y. 

Let             |  and   |   |       i.e.  |    

Since    , this gives    , then            i.e. a and b are relatively prime. 

Corollary 1. If            , then    (
 

 
  

 

 
)     

Proof:  Let              Then by theorem, there are integers   and   such that            

      

Dividing each side of this equation by   , we obtain    (
 

 
)    (

 

 
) 

 
 

 
     

 

 
 are relatively prime      (

 

 
  

 

 
)     

Example.               

    ( 
  

 
  
  

 
)               
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Corollary 2. If  |  and  |  , with             then   |   

Proof:  |       |            for some integer  and  . 

Now, the relation                     for some integers x and y. 

Multiply by   gives,                         

                           

   |   

Example.  |   and  |   with               |   i.e.   |    

On the other hand,  |   and  |      |   i.e.        This is because              

Theorem. Euclid’s Lemma. If  |  ,             then  |   

Proof: Let           , then there are integers x and y such that          

                        

Now,  |   and    |    |               |   

Note : The condition  that            is important. 

For example   |      but     and      The reason is           and           . 

Theorem. Let a, b be integers, not both zero. For a positive integer d ,            if and only if  

(a)  |   and   |   

    Whenever  |  and   | , then  | . 

Proof: To begin, suppose that           . Certainly,  |  and   | , so that condition (a) holds.  

By theorem, d can be expressed as          for some integers x and y. 

Thus if  |  and   |   then  | x+by, or we can say  |   Hence condition (b) holds. 

Conversely, let d be any positive integer satisfying the stated conditions.  

Given any common divisor c of  a and b, we have  |  from hypothesis (b). 

This implication is that    , and consequently d is the greatest common divisor of and b. 

Example. If             prove the following : 

(a)                      

 (b)                           

Solution:  (a) Let                 |      and   |       

  |{               } and   |{                  }  

  |   and   |    

  |            

  |           

  |               

           

 (b) Let                     

  |      and   |            
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  |{                     }  

  |    

Now,  |      and  |    

  |              i.e.  |    

Similarly, we can show that  |   .  

Then  |    and  |     |             

  |            

  |                            

Since      we have           

Theorem. If                                    

Proof: By definition of gcd, we have           |                  |  

           |                       |   

           |                

           |               

           |                    

Similarly, starting with           |  , we can prove that          |                 

Now,         |   and then         |    Also          |    

         |                   

(i) and (ii) gives                     

Example.                                                          

Theorem.                           

Proof:                       

and                       

                

Example.                          

Exercise 

1.  For a nonzero integer a, show that          | |           | |                

2.  If a and b are integers, not both of which are  zero, verify that 

                                         

3.  Prove that, for a positive integer n and any integer a,             divides n; hence,  

                

4.  Given integers a and b, prove the following: 

 (a) there exist integers x and y for which         if and only if          |   

 (b) If there exist integers x and y for which                 then             
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5.  For any integer a, show the following : 

 (a)                    

 (b)                    

 (c)  If a is odd, then                 

6.  If a and b are integers, not both of which are zero, prove that                   divides b;  

 hence,                    

7.  Given an odd integer a, establish that                         is divisible by 12.  

8.  Confirm the following properties of  greatest common divisor: 

 (a) If           , and             then              

 [ Hint : Because               for some          

                                         

 (b) If           , and   | , then             

 (c) If           , then                     

 (d) If           , and  |    , then                      

 (e) If           ,  |  , and   |  , then  | . 

 (f) If           , then               

 [Hint : First show that                          

9. If  |  , show that  |                   

4.4. The Euclidean Algorithm 

In mathematics, the Euclidean algorithm or Euclid’s algorithm, is an efficient method for computing 

the greatest common divisor (GCD) of two integers, the largest number that divides them without a 

remainder. It is named after the ancient Greek mathematician Euclid, who first described it in his 

Elements (c.300 BC). It is an example of an algorithm, a step-by-step procedure for performing a 

calculation according to well- defined rules, and is one of the oldest algorithms in common use. It can 

be used to reduce fractions to their simplest form, and is a part of many other number-theoretic and 

cryptographic calculations. 

The Euclidean algorithm is based on the principle that the greatest common divisor of two numbers 

does not change if the larger number is replaced by its difference with the smaller number. 

For example, 21 is the GCD of 252 and 105 ( as                        , and the same 

number 21 is also the GCD of 105 and              Since this replacement reduces the larger 

of the two numbers, repeating this process gives successively smaller pairs of numbers until the two 

numbers become equal. When this occurs, they are the GCD of the original two numbers.  

By reversing the steps or using the extended Euclidean algorithm, the GCD can be expressed as a 

linear combination of the two original numbers, that is the sum of the two numbers, each multiplied 

by an integer, for example,                     The fact that the GCD can always be 

expressed in this way. 
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The version of the Euclidean algorithm described above can take many subtraction steps to find the 

GCD when one of the given numbers is much bigger than the other. A more efficient version of the 

algorithm shortcuts these steps, instead replacing the larger of the two numbers by its remainder when 

divided by the smaller of the two (with this version, the algorithm stops when  reaching a zero 

remainder). With this improvement, the algorithm never requires more steps than five times the 

number of digits (base 10) of the smaller integer. 

The Euclidean Algorithm may be described as follows: 

Let a and b be two integers whose GCD is desired. Because gcd | | | |             there is no 

harm in assuming that        The first step is to apply the Division Algorithm to   and   to get 

                    

If it happens that      , then  |  and             

When     , divide   by    to produce integers    and    satisfying  

                    

If       then we stop; otherwise as before to obtain  

                     

This division process continues until some zero remainder appears, say at the          stage where 

     is divided by   ( a zero remainder occurs sooner or later because the decreasing sequence  

            cannot contain more than   integers). 

The result is the following system of equations : 

                    

                    

                     

  

                           

                 

We argue that   , the last nonzero remainder that appears in this manner, is equal to the            

Example. Find                  and find integers x and y such that  

                              

Solution: By division Algorithm, 

                 

                

             

            

          

         

The last nonzero remainder appearing in the above equations is 6.  

Hence 6 is the GCD of 12378 and 3054, i.e.                  . 
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Now, to represent 6 as a linear combination of the integers 12378 and 3054, we start with the next-to-

last of the above equations and successively eliminate the remainders 18, 24, 138 and 162: 

                      

                          

                                   

                                         

                       

Thus, we have                               , where                   

Theorem. If      then                       

Proof : In  each of the equations in the Euclidean Algorithm for   and  , multiply by  , we get  

                           

                             

                             

  

                                   

                   

But this is clearly the Euclidean algorithm applied to the integers   and   , so that their greatest 

common divisor is the last nonzero remainder    , i.e.                            

Example.                              

Corollary. For any integer                 | |           

Proof: It is sufficient to consider the case in which      Then –   | |    and by Theorem, 

                               | |  | |  | |          

Lemma. If         then                    

Proof:If             then the relations  |   and  |  together imply that  |        or  |   

Thus, d is a common divisor of  both b and r.  

On the other hand, if c is an arbitrary common divisor of b and r , then  |       i.e. | .  

This makes c a common divisor of a and b, so that      

It now follows from the definition of          that           . 

4.5. Least Common Multiple 

There is a concept parallel to that of the greatest common divisor of two integers, known as their least 

common multiple. An integer c is said to be a common multiple of two non zero integers a and b 

whenever  |  and  |   Obviously zero is a common multiple of a and b. 

Definition. The least common multiple of two nonzero integers a and b, denoted by         , is the 

positive integer m satisfying the following: 

(a)   |  and  | . 

        |  and  |  , with       then      
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Example. The positive common multiples of the integers     and 30 are 60, 120, 180,… 

Hence                 

If we have given nonzero integers a and b ,          always exists and          |  |  

Theorem. (Relation between gcd and lcm): For positive integers a and b,                      

Proof: Let             and             |  and  |   

   |  and  |     |             |           

   |                

                    ….. (i) 

Also             
 

 
 and 

 

 
 are positive integers.  

Then  |   |
  

 
 and  |   |

  

 
  

 
  

 
 is a common multiple of a and b. 

  |
  

 
   

  

 
 i.e.                       ….. (ii) 

(i) and (ii)        i.e.                      

Example. Find               

Solution: By Euclidean Algorithm  

             

            

           

          

         

        

        

        

Last non zero remainder is 1 , so                         

By theorem                              
  

         
 

       

 
        

Exercises  

1.  Find                                             

2. Use the Euclidean Algorithm to obtain integers   and   satisfying the following: 

 (a)                   . 

 (b)                     . 

 (c)                       . 

 (d)                           . 
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3.  Prove that if   is a common divisor of   and b, then             if and only if     (
 

 
 
 

 
)     

4. Assuming that             prove the following: 

 (a)                      

 (b)                        

 (c)                        

 (d)                           

5. For       and positive integers   ,  , show the following: 

 (a) If                             

 (b) The relation   |   implies that  |   

6. Prove that if                                

7.  For nonzero integers   and b, verify that the following conditions are equivalent: 

 (a)  |   

 (b)          | |  

 (c)          | |  

8.  Find                                             

9. Prove that the greatest common divisor of two positive integers divides their least multiple. 

10. Given nonzero integers   and b, establish the following facts concerning            

 (a)                   if and only if       

 (b) If       then                    . 

 (c) If m is any common multiple of a and b, then         |   

11. Let       be integers, no two of which are zero, and                Show that  

                                                      

12. Find integers       satisfying                                  

Answers 

1. 1, 9 and 17. 2.                                                           

12.                       

4.6. The Diophantine Equation          

Consider a linear equation in two unknowns:        , where a, b, c are given integers and a, b 

are not both zero. This is an indeterminate equation in two unknowns x and y. We consider such 

equations where both x and y are non-negative integers. Such type of equations of the above form is 

called linear Diophantine equations. The name honors the Greek mathematician Diophantus, who 

initiated the study of such equations around 250 A.D. 

A solution of this equation is a pair of integers        , which when substituted into the equation, 

satisfies it. 

i.e.            
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A given linear Diophantine equation can have a number of solutions, as is the case with 

          where  

           

              

               

i.e. the solutions are                           . 

On the other hand, there is no solution to the equation            

Indeed, the left-hand side is an even integer whatever the choice of    and   , whereas the right-hand 

side is not. Now we develop the theory for solving such equations of the form          in the 

following theorem. 

Theorem. The linear Diophantine equation         has a solution if and only if  |    

where             If       is any other solution, then all other solutions are given by  

     (
 

 
)          (

 

 
)   , where    is an arbitrary integer. 

Proof: Let     be the non-negative integers satisfying the equation                                    

Assuming that             |        |    |         |           

Conversely, assume that   |  , where             

Then there exist integers          such that                          

Since  |  , we have        for some     

Multiplying (ii) by e , we get                  

or                                
     . 

This shows that             satisfy (i) i.e. one solution of (i) exist. 

SOLVED EXAMPLES 

Example 1. Consider the linear Diophantine equation                  

Applying the Euclidean’s Algorithm to find the              we find that  

            

          

         

        

Hence                (The last non-negative remainder). 

Since   |    , the solution to the given equation exists.  

To obtain the integer 4 as a linear combination of 172 and 20, we work backward through the 

previous calculations, as follows: 
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Multiply this relation by 250, we get  

                              

                    

So that                   , which is one solution of the given equation. 

All other solutions are      (
 

 
)          (

 

 
)   

i.e.       (
  

 
)          and          (

   

 
)             , for some integer  . 

Since we want     non-negative i.e.          

                         

     
  

  
         

Because   must be integer, we take        

Thus our Diophantine equation has a unique positive solution         corresponding to the 

value        

Example 2. A customer bought a dozen pieces of fruit, apples and oranges, for $1.32. If an apple 

costs 3 cents more than an orange and more apples than oranges were purchased, how many pieces of 

each kind were bought? 

Solution: Let x be the number of apples and y be the number of oranges purchased; let z represent the 

cost (in cents) of an orange. Then according to condition of problem 

              or equivalently               

Because         , the previous equation may be replaced by                        

Now, our object is to find integers x and z satisfying the Diophantine equation        …(i) 

Now            is a divisor of 44, there is a solution to this equation. 

Multiply the relation              by 44 , we get                  

It follows that                 is one solution.  

All other solutions of equation (i) are of the form                      , where t is an integer. 

Not all of the choices for t furnish solutions to the original problem. Only values of t that ensure 

       should be considered.  

This requires obtaining those values of t such that             . 

Now,            implies that       whereas           gives     
 

 
  

The only integral values of t to satisfy both inequalities are                

Thus, there are two possible purchases: a dozen apples costing 11 cents a piece (the case where 

     , or 8 apples at 12 cents each and 4 oranges at 9 cents each (the case where     ).  
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Exercises  

1.  Which of the following Diophantine equations cannot be solved. 

                                              

2.  Determine all solutions in the integers of the following Diophantine equations. 

                                                  

3. Determine all solutions in the positive integers of the following Diophantine equations. 

                                                                      

4.  (a) A man has $4.55 in change composed entirely of dimes and quarters. What are the maximum 

and minimum number of coins that he can have? Is it possible for the number of dimes to equal 

the number of quarters? 

 (b) The neighborhood theater charges $1.80 for adult admissions and $.75 for children. On a 

particular evening the total receipts were $90. Assuming that more adults than children were 

present, how many people attended? 

 (c) A certain number of sixes and nines is added to give a sum of 126; if the number of sixes and 

nines is interchanged, the new sum is 114. How many of each were there originally? 

5.  When Mr. Smith cashed a cheque at his bank, the teller mistook the number of cents for the 

number of dollars and vice versa. Unaware of this, Mr. smith spent 68 cents and then noticed to 

his surprise that he had twice the amount of the original cheque. Determine the smallest value for 

which the cheque could have been written. 

 [Hint : If x denotes the number of dollars and y the number of cents in the cheque, then 

                      

6.  Solve each of the puzzle-problems below : 

 (a) There were 63 equal piles of plantain fruit put together and 7 single fruits. They were divided 

evenly among 23 travelers. What is the number of fruits in each pile? (Mahaviracarya, 850). 

 [Hint : Consider the Diophantine equation             

 (b) We have an unknown number of coins. If you make 77 strings of them, you are 50 coins 

short; but if you make 78 strings, it is exact. How many coins are there?(Yen Kung, 1372) 

 [Hint: If N is the number of coins, then              for integers x and y]. 

 (c) Divide 100 into two summands such that one is divisible by 7 and the other by 11. (Euler, 1770)  

Answers 

2.                                             

                             

3.                                              

     No Solution.                           where      

4. (a) the fewest coins are 3 dimes and 17 quarters whereas 43 dimes and 1 quarter give the largest 

number. It is possible to have 13 dimes and 13 quarters. 

 (b) There may be 40 adults and 24 children or 45 adults and 12 children or 50 adults. 

 (c) Six 6’s and ten 9’s. 

5. $10.21 

6. (a) 28 pieces per piles is one answer  (b) one answer is 1 man, 5 women and 14 children  (c) 56 and 44. 
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4.7. Prime Numbers 

We have observed that any integer     is divisible by           . If these exhaust the divisors of 

  , then it is said to be a prime number. 

Definition. An integer     is called a prime number, or simply a prime, if its only positive divisors 

are 1 and p. An integer greater than 1 that is not prime is termed as composite. 

Among the first 10 positive integers, 2, 3, 5, 7 are primes and 4, 6, 8, 10 are composite numbers. Note 

that 2 is the only even prime, and according to the definition the integer 1 is neither prime nor 

composite. 

Theorem. If p is a prime and   |   , then  |  or  |  ,where a and b are integers. 

Proof:  Let p be a prime and  |    If   |  , then the theorem proved. 

Suppose that       We show that  |    

Now                  (In general,                         according as if  |  or  

    .  

Hence by Euclid’s Lemma,  |    |  . 

This theorem can be extended to products of more than two terms. 

Corollary 1. If p is a prime and   |           , then p divides at least one factor of the product  

i.e.  |   for some k, where        

Proof: Let p be a prime and  |          .  

We proceed by induction. 

For       the corollary follows trivially. 

For    , the corollary again proved (by previous theorem) 

Assume that it is true for some      

Consider the product                 of     integers and  |               . 

 |                 |                  or  |       , where              

Therefore by previous theorem,    |        |  or  |    ………..(i) 

But by induction  |   |  for some k, where       

    gives  |                 |  for some k, where         

Hence by induction, in any event p divides one of the integers             

Corollary 2. If              are all primes and  |           ,then      for some k, where  

     

Proof: Let              are all primes and  |          .  

Since each    is a positive integer, by Corollary 1, we have  

 |            |  for some k, where      …….(i) 

But the divisors of    are 1 and    

Also     , then (i) gives      for some k, where       
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4.8. The Fundamental Theorem of Arithmetic or Unique Factorization 

Theorem 

Theorem. (Statement only) Every positive integer     is either a prime or a product of primes; 

this representation is unique, apart from the order in which the factors occur. 

i.e.             , all    being primes. 

Example.              

                        etc. 

                          
    

     

               
    

     

                   
    

       
  

In the above examples, the prime factors of the last three integers are repeated. 

In general we express any integer      as  

    
     

       
   , where, for            each    is a positive integer and each    is a primes, 

with             

Such a factorization is called the standard or canonical factorization. 

4.9. Congruence 

Divisibility is a fundamental concept of number theory, one that sets it apart from many other 

branches of mathematics. In this topic we continue the study of divisibility, but from a slightly 

different point of view.  

A congruence is nothing more than a statement about divisibility. However, it is more than just a 

convenient notation. It often makes it easier to discover proofs, and we will see that congruence can 

suggest new problems that will lead us to new and interesting topics. 

Definition: If an integer n, not zero, divides the difference    , we say that a is congruent to b 

modulo n and write              

If     is not divisible by n, we say that a is not congruent to b modulo n, and in this case we write 

            

Thus,              |   . 

Theorem. Let a and b be integers, then             if and only if there is an integer k such that 

        

Proof: Let              |    

       , for some integer k 

         

Conversely, suppose that there exist an integer k such that         

        i.e.  |    

              

Now, we see the theorem that provide a useful characteristics of congruence modulo n in terms of 

remainders upon division by n. 
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Theorem. For arbitrary integers a and b,             if and only if a and b leave the same 

remainder when divided by n. 

Proof: First Part: Let                      for some integer k. 

Upon division by n, b leaves a certain remainder r; i.e.         where       

                          , 

which indicates that a has the same remainder as b. 

Second Part: Suppose we can write                  +r with the same remainder r (     ). 

Then                               

  |    i.e.              

Note: The form        is the division algorithm for the integers a and n, where n is the divisor 

and b is the remainder. 

In              , the quantity a is called base and b, the residue or remainder. 

Example. Since the integers     and     can be expressed in the form  

                                   

with the same remainder 7, the above theorem tells us that                  . 

Going in the other direction, the congruence                implies that     and 11 have the 

same remainder when divided by 7, which is clear from the relation  

                                     

Congruence may be considered as a generalized form of equality, in the sense that its behavior with 

respect to addition and multiplication is reminiscent of ordinary equality.  

Some of the elementary properties of equality that carry over to congruence are described in the next 

topic. 

4.9.1. Basic properties of Congruence 

The letters           represent integers. The letters     represent positive integers. The notation 

           means that n divides      We then say that   is congruent to   modulo n. 

1. Reflexive Property :           . 

Proof: For any integer,           we have  |              . 

  Congruence modulo n is reflexive. 

2. Symmetric Property : If            , then            

Proof: Let            |    

Then  there exist integer  k such that        

Hence                . 

Since –   is also an integer, we get  |               

Therefore, Congruence modulo n is symmetric. 

3. Transitive Property : If            and           then            

Proof : Let                        |       |    
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Then there exist integers h and k such that                   

Now                              

  |                

Therefore, Congruence modulo n is transitive. 

Remark : The above three properties imply that            is an equivalence relation on the set Z. 

4. If           and           , then                and                

Proof: Let                        |       |    

Then there exist integers h and k such that                 

Adding these equations we get, 

                                     

  |                            

Again,                                      

  |                            

5.            and           , then              

Proof: Let                          |         |    

Then there exist integers h and k such that                   

i.e.                    

                                

                   

Since          is an integer, we say that       is divisible by n 

i.e.  |                   

6. If            and  |      , then            

Proof: Let            and   |      . 

 |       for some integer       

Now,  |     |       i.e.   |        since      

  |                

7. The following statements are equivalent 

                 

                  

                     . 

Proof: Since congruence modulo n is symmetric, we have         .   

Similarly          and hence          .   

By definition,              |       |{       }                  

          .  

Hence the given three statements are equivalent. 
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Theorem. If              , then      (   
 

 
)  where             

Proof:                |       |       

 
 

 
|
 

 
                      

 

 
  

 

 
 are integers 

 
 

 
|       (

 

 
 
 

 
)        (   

 

 
)   

Corollary.  Let             be the integers, such that      If               and             

then            . 

Proof: Let                and             |           |       

  |                 

            . 

Corollary. If               and      where   is a prime number, then            . 

Proof: Since       and    is a prime number imply that            

So by previous corollary,                          . 

Theorem. Let     be fixed and        be the integers such that             . Then  

(a)                    

                        

                  

                        

Proof: Let              |         ….. (i) 

(a)                 

Then     gives |            

                      

(b)                 

Then     gives |            

                      

     |       |        |                    

     |        |             

   |                      

Theorem.  If              then               for any positive integer k. 

Proof: Let              |         ….. (i) 

Now                                      

      |             ….. (ii) 

             gives  |                      
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SOLVED EXAMPLES 

Example 1. Give an example to show that               need not imply              

Solution:                          

Example 2. Show that 41 divides        

Solution: We have       

                

                                               

                        ….. (i) 

But                

So                     ….. (ii) 

             gives                

   |     . 

Example 3. Find the remainder when      is divided by 7. 

Solution: In the language of congruence, we have to find the value of a where  

                      

Now               

                        

Hence     i.e. the remainder is 1. 

Example 4. What is the remainder when the sum                 is divided by 4? 

Solution: Let the sum be S. We have to compute   when              

Now, 

                        

                        

                                        

                         

                               

Also,                                                   

                       

                      

                       

                      and so on … 

                                                   

Hence the remainder is 0. 
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Example 5. Prove that the integer             is divisible by 39. 

Solution : We have          

Now,

                               

                     

             
}  ….. (i) 

             

              

              
}      ….. (ii) 

                                  

                             

                             

 Also,       53             

                       

 or                       ….. (iii) 

By (ii), we have                 

                

                      ….. (iv) 

(iii) and (iv)                                  

   |               

Example 6. If             , prove that                    

Solution : Let                      for some integer n. 

Then                                

Note : Let                and            

By definition of gcd,             |  and  |   |     

Now,  | and  |      |               |   

Theorem. Congruence of two numbers to different moduli. 

             and                         , where the integer               

Hence, whenever    and     are relatively prime,                 

Proof:              and                |      and   |      

     is a common multiple of    and     

           |       |                   

Further, if    and     are relatively prime                    

Hence                             

Example.                             
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Example. Find the remainder obtained upon dividing the sum  

1                             by 12. 

Solution:     |     |  ,   |   ,   |   ,…,   |      

                                                  

                                                          

            

  Remainder is 9. 

4.9.2. Complete system of residues modulo n 

Definition. Let S be a set of integers. If every integer is congruent modulo n to exactly one member 

of S, then S is called complete system of residues modulo n. 

Example. (i) The set {0, 1, 2} is a complete system of residues modulo 3. 

(ii) The set {0, 1, 2, …, n 1} is a complete system of residues modulo n. 

Theorem. Let                 such that              and             . Then  

(i)                         

(ii)                  

(iii)                     

Proof: (i)   Let              and              

  |        and  |        

  |{               }  

  |{               } 

                         

(ii) Let             and             

  |        and  |        

  |{                   }  

  |            

                  

(iii) Let               |        

  |          

  |          

                 

Generalization of above theorem 

             ,             ,…..,            , then  

                                 i.e. ∑   
 
    ∑   

 
           

and                                    i.e.   ∏   
 
    ∏   
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Example.                           

                                       

                                    

                                       

                                      

Exercise  

1.  Prove each of the following assertions: 

 (a) If             and   |  , then              

 (b) If             and      , then                 

 (c) If             and the integers       are all divisible by      , then  

                     

2. Give an example to show that              need not imply that              

3. If            , prove that                    

4. (a) Find the remainders when     and      are divided by 7. 

 (b) What is the remainder when the following sum is divided by 4? 

                      

5. Prove that the integer             is divisible by 39, and that               is divisible by 7. 

6.  For    , use congruence theory to establish each of the following divisibility statements: 

 (a)  |               (b)   |           (c)   |            (d)   |            

7.  For      show that                                     

8.  Prove the assertions below : 

 (a) If a is an odd integer, then            .  

 (b) For any integer a,                    . 

 (c) For any integer a,                 . 

 (d) If the integer a is not divisible by 2 or 3, then              . 

9. If p is a prime satisfying       , show that   (
  
 

)           . 

10. If            is a complete system of residues modulo n and              is a positive 

integer, then prove that                is a complete system of residues modulo n. 

11. Verify that 0, 1, 2,            form a complete set of residues modulo 11, but that  

 0,             do not. 

12.  Prove the following statements :  

 (a) If             then the integers                             

   form a complete set of residues modulo n for any c. 

 (b) Any n consecutive integers form a complete set of residues modulo n. 

 (c) The product of any set of n consecutive integers is divisible by n. 
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13. Give an example to show that              and             need not imply that  

                

14. Establish that if a is an odd integer, then for any     ,     
              

15. Prove that whenever               and              with              

 then              

16. If              and               prove that               

 where the integer             . 

4.10. Linear Congruence 

An equation of the form             , where x is an unknown number, is called Linear 

congruence. 

By the solution of such an equation, we mean an integer    which satisfies the above equation. 

i.e.               and this will be possible if and only if  |        

i.e.           for some integer    

i.e.            which is a linear Diophantine equation, having solution        . 

Thus, the problem of finding all integers that will satisfies the linear congruence              is 

identical with that of obtaining all solutions of the linear Diophantine equation          

Congruent Solutions: Let           be two solutions of              such that             . 

Then the solutions           are said to be congruent (or equal). 

Example.              both satisfies the congruence                 because 

               they are not treated as different solutions. Hence the solutions         are 

equal, though       

Incongruent Solutions: The solutions            of               are incongruent (or distinct)  

if             . 

In short, when we refer to the number of solutions of             , we mean the number of 

incongruent integers satisfying this congruence.  

The number of incongruent solutions can be determined with the help of theorem stated as below. 

Theorem. The linear congruence              has a solution if and only if  |  , where 

             If  |  , then it has exactly   mutually incongruent solutions modulo  . 

Proof: We know that              is equivalent to the linear Diophantine equation          

If    , there are no solutions and if  |  , the equation         has infinitely many solutions 

given by  

     
 

 
        

 

 
  , for different choice of                

i.e.       
 

 
     

  

 
        

      

 
     ….. (i) 

We first claim that these are incongruent solutions modulo n, by contradiction. 

Let       
 

 
   and       

 

 
   ,      be any two solutions in    . 
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Then                 ….. (ii) 

If possible, let                  ….. (iii) 

    
 

 
      

 

 
          

  |{(   
 

 
  )  (   

 

 
  )} 

  |
 

 
        

Since             |                .  

Then above gives   |          |         

But this contradicts     because          .  

Hence the assumption              must be wrong. 

             . 

But           are any two solutions of       

Hence all the   solutions in     are incongruent solutions modulo   . 

It now remains to prove that any other solution       
 

 
        ….. (i) 

is congruent modulo   to one of the solutions in      

Consider two integers   and  , by division algorithm, we write  

                               

With this value of    , equation      becomes  

      
 

 
             

 

 
         

Now (      
 

 
 )  (   

 

 
 )      

  | ,(      
 

 
 )  (   

 

 
 )- 

       
 

 
     

 

 
         

Then           
 

 
          

Since          above solution is one of the d solutions in      

Note: If     i.e. a and n are relatively prime, then the number of solutions in (i) is only 1   ). 

Corollary. If             then the linear congruence              has a unique solution 

modulo  . 

4.10.1. Inverse of a modulo n 

Consider a linear congruence               Here       

By theorem, this congruence has a solution   |               This means  |  i.e.      

Thus,              has a unique solution              
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Definition. A solution of               with            is called an inverse of   modulo    

Therefore,                is the inverse of a modulo   and   is the inverse of   modulo  .  

We denote  ̅   inverse of   modulo  . 

Working method to solve              

(i) Find            and verify whether  |   Then  

      No solution 

 |    incongruent solutions 

(ii) Obtain the particular solution    of the given congruence. To obtain    write the equivalent linear 

Diophantine equation          Get    by inspection or by Euclidean Algorithm. 

(iii) If           , the given congruence have a unique solution. 

SOLVED EXAMPLES 

Example 1. Prove that the congruences             and             has a simultaneous 

solution if and only if        |     . If a solution exists, confirm that it is a unique modulo 

          

Solution : (i) Given system of congruence is  

            and                ….. (i) 

Let this have a solution       

             and  c            

  |      and  |      

          |      and     (n,   |      

      (n,   |{           } 

         |     . 

(ii) Conversely, assume that         |     . Denote             

Now,   |       |     . 

Hence by theorem, the congruence                  ….. (ii) 

has a solution                 ….. (iii) 

Now (ii)               ,by (iii     ….. (iv) 

Also                   ….. (v) 

The congruences      and     imply that        is a solution of the system      

This complete the converse part. 

Now, we show that if there is a solution, then it is unique modulo           

Let there be two solutions           of (i). 

              and             and              and              

              and                 

  |         and   |        
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           |        

      (            )  

Hence the solution is unique modulo           

Note : This result can be generalized to a system of more than two congruences as follows : 

The system of   congruences                        has a solution if and only if  

          |            pairs      with                    

Further, if the solution exists, then it is unique modulo                   

Example 2. Find all the solutions of                  

Solution: Here                              |  i.e. |  , there are six incongruent solutions 

of                      ….. (i) 

The linear Diophantine equation equivalent to    is 

              i.e.          

By inspection its particular solution is              

Then the six incongruent solutions of     are  

     
  

 
                        

                 

                             

i.e.                                        

                                       . 

Another method to find   . 

Here we use an inverse of a modulo n.  

In the present case                 this method cannot be used directly.  

Given equation is                    

              , dividing throughout by 6 

               

Now,            This gives the solution               

Take      and proceed as before to get six incongruent solutions. 

Example 3. Find all the solutions of                    

Solution: Here                        and thus  |  i.e. |   , there are seven incongruent 

solutions of                    ……….(i) 

Rewriting the given equation,                   , we get  

               ,dividing throughout by 7 

                                           

Dividing by 4,                              
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i.e.                      

                

 Taking         the solutions are 

     
   

 
                           

                                       

Example 4. Find all the solutions of                 

Solution: Here                     Since    ,i.e.     , there is no solution. 

Example 5. Find all the solutions of                  

Solution: Here                  Hence the given equation has a unique solution.  

Now,                and                by subtraction gives 

                              

                            

                 which is required solution. 

4.11. Chinese Remainder Theorem 

Let            be the positive integers such that    (     )            i.e. (      are pairwise 

relatively prime). Then the system of linear congruences  

            

            
 

            

}        ….. (i) 

has a simultaneous solution, which is unique modulo the integer              

Proof: We have to complete the proof  in two parts. 

First Part: Here we construct the solution of the given system of congruence. 

Consider a product              

For each            let    
 

  
                       ….. (ii) 

In other words    is the product of all the integers    with the factor     omitted.  

By hypothesis, the    are relatively prime in pairs, so that               

According to the theory of a single linear congruence, it is possible to solve the congruence  

                

Let the unique solution of this congruence be   i.e.                   ….. (iii) 

Construct an integer  ̅                           ….. (iv) 

We have to prove that  ̅ is a simultaneous solution of the given system. 

For this we show that  ̅             for            

Now, we see that                                      |   ,      
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Hence on right hand side of (iv) except the k
th 

term       , all the terms are congruent to 

            

  ̅                                                           ….. (v) 

Hence  ̅         is the simultaneous solution of the system (i). 

Second Part: Now we show that any two solutions are congruent modulo n.  

Let    be any other solution of the system i.e.                              ….. (vi) 

Now, from     and     ,    ̅               

   |  ̅                     

   |  ̅         |  ̅          |  ̅      

           |  ̅                         

  |  ̅      

  ̅            

Hence the simultaneous solution  ̅ of the system     is unique modulo n. 

Working method to solve the system  

(i) From the given system of equations write down all the values of                    

(ii) Find              and    
 

  
          . 

(iii) Solve                   and denote the solution by              . 

(iv) Write the solution of given system as                                  

SOLVED EXAMPLES 

Example 1. Solve the system of three congruences            ,            ,             . 

(Note: This is actually a puzzle posed by Chinese mathematician Sun-Tsu in the first century A.D. 

given as “Find a number which leaves the remainders 2, 3, 2 when divided by 3, 5, 7 respectively”. 

The same problem occurs in the Introduction Arithmeticae of the Greek mathematician Nicomachus, 

circa 100 A.D., but in honor of early contribution, the rule for obtaining a solution usually goes by the 

name of Chinese Remainder theorem) 

Solution: We have                                     

Then                  . 

Hence the given system has a unique solution modulo                     

By Chinese Remainder Theorem, we have  

   
 

  
 

   

 
        

 

  
 

   

 
       

 

  
 

   

 
     

The solution is                                        , where           are the 

solutions of                  ,        . 

i.e. 35                            , 15            . 

These linear congruences are satisfied by                  respectively. 

Thus, a unique solution of the system is given by   
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Example 2. Solve the system of three congruences            ,             ,              

Solution: We have                                     

Then                  . 

Hence the given system has a unique solution modulo                    

By Chinese Remainder Theorem, we have  

   
 

  
 

  

 
        

 

  
 

  

 
        

 

  
 

  

 
     

The solution is                                      , where           are the 

solutions of                  ,        . 

i.e. 21                            ,  12            . 

These linear congruences are satisfied by                  respectively. 

Thus, a unique solution of the system is given by   

                       

                                                    . 

Example 3. Find an integer having the remainders 1, 2, 5, 5 when divided by 2, 3, 6, 12 respectively. 

(Yih-hing, died 717)  

Hint. Try yourself. Solve the system            ,                                    . 

Answer. 17 

Example 4: Find an integer having the remainders 2, 3, 4, 5 when divided by 3, 4, 5, 6 respectively. 

(Bhaskara, Born 1114). (Try yourself).  Answer. 59 

Example 5. Find an integer having the remainders 3, 11,15 when divided by 10,13, 17 

respectively.(Regiomontanus,1436-1476) (Try yourself).  Answer. 1103 

Example 6. Solve the linear congruence  17             . 

Solution : We have 17                 |        

       |        

  |         |          |       . 

Hence the given congruence is equivalent to the following system:  

17                             

17                             

17                               . 

Hence finally the system to be solved is  

                  

                   

                      

Now,              |         for any integer k. 

Substitute this value of x in (ii) and obtain             
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                        , where   is integer 

                    

Substitute this value in (iii) and obtain                                      

                          , where   is integer  

                                        

             . 

This is the solution of the given congruence. 

Example 7. When eggs in a basket are removed 2, 3, 4, 5, 6 at a time there remain, respectively 1, 2, 

3, 4, 5 eggs. When they are taken out 7 at a time, none are left over. Find the smallest number of eggs 

that could have contained in the basket. (Brahmagupta,  7
th

  century A.D.) 

Solution : Let x be the smallest number of eggs in the basket. The problem can be written as  

           

           

           

           

           

           

Now, 

  3         |      and then  |      i.e.                    

            |     i.e.   |       |           |      

             and              

Then the given system is equivalent to  

           

           
           

           

}      ….. (i) 

Now, by Chinese Remainder Theorem, we have 

                                               

Then                   

Hence the given system has a unique solution modulo                         . 

By Chinese Remainder Theorem, we have  

   
 

  
 

   

 
         

 

  
 

   

 
         

 

  
 

   

 
       

 

  
 

   

 
     

The solution is                                                    , where 

             are the solutions of                  ,          . 

i.e. 140                             , 84                            
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These linear congruences are satisfied by                   respectively. 

Thus, a unique solution of the system is given by   

                                

                                                     

 Hence the least number of eggs in the basket is 119. 

4.11.1. Systems of linear Congruences with the same modulo 

Now the focus of our concern is how to solve a system of two linear congruences in two variables 

with the same modulus. The proof is the familiar procedure of eliminating one of the unknown. 

Theorem. The system of linear congruences                 and                 

has a unique solution modulo   whenever                   

Proof: Given congruences are  

                      ….. (i) 

                      ….. (ii) 

Multiply (i) by d and (ii) by b 

                   

                   

By subtraction, we get 

                            ….. (iii) 

Since                    the congruence                 , possesses a unique solution; 

denote the solution by  .  

When the congruence (iii) is multiplied by   , we obtain                     . 

Similarly, the value of y is found by multiplying (i) by c and (ii) by a and subtracting to get  

                       . 

Multiplication of this congruence by t gives                  . 

Example. Consider the system                   and                 . 

Solution: Consider the given system of congruences 

                       ….. (i) 

                       ….. (ii) 

                                            

Hence the solution exists. 

Multiply (i) by 5 and (ii) by 3 gives 

                    

                   

On subtraction, we get                 or                 . 

Similarly, when the variable x is eliminated by multiplying (i) by 2 and (ii) by 7 and subtracting, we 

get                . 

Hence the solution of our system will be                         . 
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Exercises 

1.  Solve the following linear congruences: 

 (a)                 (b)                (c) 6              

 (d) 36             (e) 34              

 (f) 140               .  [Hint :                 

2. Using congruences, solve the Diophantine equations below: 

 (a)            

 [Hint:               gives            whereas              gives         Find 

the relation between   and  ] 

 (b) 12            (c)            

3.  Find all solutions of the linear congruence                    

4. Solve each of the following sets of simultaneous congruences: 

 (a)                                     

 (b)                                          

 (c)                                       

 (d) 2                                                    

5.  Solve the linear congruence                     by solving the system 

 17                              ,                                          

6. Find the solutions of the system of congruences: 

 (a)                   ,                         

 (b)   5                                      

 (c)                   ,                     

 (d)   11               ,                     

7. Obtain the two incongruent solutions modulo 210 of the system 

 2                                      

8. Obtain the eight incongruent solutions of the linear congruence                  

Answers 

1.                                                                 

                                                      

                                                                                      

2.                                               

                        

3.                 ;                  

4.                                                                  

                                                              

5.                 
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6.                                                                                  

                                                                                     

7.                    

8.                        ;                         

                                                  

                        ;                         
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